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ON THE BRAUER GROUP
OF A PROJECTIVE VARIETY

BY
F. VAN OYSTAEYEN AND A. VERSCHOREN"

ABSTRACT

This paper presents a direct, torsion-theoretic description of the Brauer group
of a projective scheme X. If X is a regular projective variety of dimension at
most two, then Br(X) reduces to the relative Brauer group of the homogeneous
coordinate ring of X, based on pseudo Azumaya algebras.

0. Introduction

In [32] the first author introduced the so-called “graded” Brauer group of a
graded commutative ring C. It is defined in terms of graded Azumaya algebras
over C and contains an amount of information on the graded arithmetical
structure of C. In particular, its relation to the common Brauer group in case C
is an arithmetically graded ring has been studied in loc. cit. This allows us to
apply these techniques in case C is the homogeneous coordinate ring of a
nonsingular projective plane curve. Let us point out that the reason why the
theory of arithmetically graded rings may be brought to bear on the geometrical
situation is that the graded ring of quotients of C at a graded prime ideal P in
Proj(C), say Q§(C), is a generalized Rees ring in the sense of [31] such that its
part of degree zero Q%(C) = Ci) (the stalk at P of the structure sheaf on the
curve) is a discrete valuation ring.

Now, A. Grothendieck introduced and studied the Brauer group of a scheme
in [12], but, although essentially the same for schemes, we prefer to introduce
this notion through B. Auslander’s definition of the Brauer group of an arbitrary
ringed space, cf. [3]. According to loc. cit. we thus have to consider locally
separable sheaves of algebras over an arbitrary ringed space. It appears that the
Brauer group of an affine scheme Spec(R) coincides with the usual Brauer
Group of the ring R, in the sense of M. Auslander and O. Goldman, cf. [5].

* The second author is supported by N.F.W.O. Grant A2/S.
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The aim of this paper is to study the Brauer group of Proj(R) for a graded
commutative ring R. Although the results of the first sections will be shown to
hold for arbitrary rings R, we will be led in a most natural way to restrict
attention to regular, projective varieties over an arbitrary, not necessarily
algebraically closed field. Note that the present paper is a revised version of
[40], where only the normally projective curve case was dealt with. One of the
techniques which make our methods work is the use of idempotent kernel
functors, a technique which seems to be missing in most geometrical considera-
tions. Indeed, if R. is the graded ideal of R generated by all homogeneous
elements of strictly positive degree and if o%, is the graded kernel functor
associated with the idempotent filter generated by the powers of the ideal R.,
then, in a sense, the Brauer group of Proj(R) is the Brauer group of R in the
category of graded ok -closed R-modules. A similar property holds for the
Brauer group of a not necessarily affine subscheme of an affine scheme Spec(R).
That this is not as far fetched as it seems may be seen in case R is the
homogeneous coordinate ring of some projective variety. Actually it turns out
that the graded localization of R at o°%, reduces to the integral closure of R in its
field of fractions. The main result of this paper deals with regular projective
varieties. As a consequence of this result we obtain the interesting corollary that
for regular projective varieties of dimension at most two the Brauer group of the
variety coincides with the relative graded Brauer group of its homogeneous
coordinate ring, cf. [41].

Finally, both authors would like to express their thanks to Ray Hoobler, some
of whose remarks enabled them to produce this revised version of [40].

1. Some sheaf theoretical background

1.1. In this section we will recall some definitions and results, contained in [3].
Proofs are omitted, for full information we refer to loc. cit. Throughout (X, Ox)
will denote a commutatively ringed space, i.e. X is a topological space and Ox is
a sheaf of commutative rings on X. The category of sheaves of Ox modules will
be denoted by Ox-Mod. A sheaf of Ox-modules M is said to be locally
projective of finite type if M is locally a direct summand of a free sheaf of
Ox-modules of finite rank, i.e. for every x € X there exists an open neighbor-
hood U of x and morphisms c/z:MIU—»O;‘(lU resp. ¢ : 0% U—>MIU such
that @ oy is the identity on M,U. Here, as usually, MIU denotes the
restriction of M to U. From [3] we recall
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(1.2) ProrosITION. For any M € Ox-Mod the following statements are equi-
valent:
(1.2.1) M is locally projective of finite type;
(1.2.2) M is locally of finite type and for all open subsets U of X the functor
Homoyu (M I U, —) is exact in Ox ’ U-Mod,;
(1.2.3) M s finitely presented and for all x € X the Ox,-module M, is projective.
a

(1.3) The full subcategory of Ox-Mod, consisting of all locally projective
sheaves of finite type, possesses several nice stability properties. Indeed, if M
and N are such sheaves of Ox modules, then so are Homo, (M, N) and M &o, N.
Moreover, there are then canonical isomorphisms

Hom,, (M, M)®o, Homo, (N, N)= Endo, (M @0, N)
and
Homo, (M, Ox) ®o, M = Homo, (M, M).

Note also that if M is locally projective of finite type and if N is any presheaf of
Ox-modules then for every x € X we may find an open neighbourhood U such
that the canonical morphism M Q¢g, N f U—->MQoN l U is an isomorphism of
presheaves (where &' denotes the tensor-product of presheaves!).

(1.4) Let us define a natural morphism of sheaves of rings w:O0x—
Homo, (M, M) by mapping “a in Ox to the left multiplication by a” — this
“abus de langage” should be understood locally. The kernel of @ is the
annihilator Annoe, (M) of M; if Anno, (M) =0 then we speak of a faithful sheaf
of Ox-modules. If M is finitely presented, then M is faithful if M, is a faithful
Ox..-module for every x € X. Let us denote by W the sheaf Hom,, (M, M), then
M is a sheaf of W-modules in the obvious way. If M is faithful, locally projective
and of finite type when viewed as a sheaf of Ox-modules, then it has the same
properties as a sheaf of W-modules. Note also that if M and N, have the
foregoing properties and if N is an arbitrary sheaf of Ox-modules, together with
an isomorphism N, ®o, M = N, then N, is faithful and locally projective of
finite type.

(1.5) PropostTion. Let (X, Ox) be a scheme and M a sheaf of Ox-modules,
then the following properties are equivalent:

(1.5.1) M is locally projective of finite type;

(1.5.2) M is locally free of finite rank.

ProoF. One proves this by reducing to the case of affine schemes Spec(R),
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when one proves that locally projective sheaves of finite type correspond to
finitely generated projective R -modules, cf. [3]. O

(1.6) To any sheaf of Ox-algebras L one associates L’ by putting L°(U)=
(L(U))’ for any open subset U of X; the enveloping algebra will be L* =
L ®oL". Clearly L may be considered as a sheaf of left L*-modules and it is
easily verified that if L is of finite type in Ox-Mod, then L is finitely presented in
L°-Mod.

We have the following diagram of monomorphisms:

Ox —‘—"_“) Hom,_ (L L)

N/

where i is the structural morphism for L, v is defined locally by associating to an
element the right multiplication by that element, and B is just the evaluation at
the identity of L. One usually identifies Hom,. (L, L) with its image Z(L) in L.
We refer to Z (L) as the center of L ; whenever v is an isomorphism, we say that
L is a central sheaf of Ox-algebras or simply that L is central over Ox. It is clear
that a finitely presented L in Ox-Mod is central over Oy if and only if L, is a
central Ox,-algebra for every x € X.

(1.7) Let us define a homomorphism 7 :L°®— Homo, (L,L) of sheaves of
rings “‘locally by associating to a @ b the morphism x — axb. A central sheaf
of Ox-algebras L which is locally projective of finite type over Ox is said to be a
locally separable sheaf of Ox-algebras if n is an isomorphism. Equivalently a
sheaf of Ox-algebras L is locally separable if and only if L is finitely presented in
Ox-Mod and L, is a central separable Ox.-algebra for each x € X. We may
refer to a locally separable sheaf of Ox algebras over a scheme X as an Azumaya
Algebra (in the sense of A. Grothendieck’s [12]) in view of (1.5). If M is faithful,
locally projective of finite type, then Homo, (M, M) is locally separable.
Moreover, if L, and L, are locally separable, then so is L; Qo, L.. Finally if L is
locally separable over Ox and O is a commutative sheaf of Ox- algebras, then
L ®o, Ox is locally separable over Ox.

(1.8) Let Cy(X, Ox) be the category of locally separable sheaves of central
Oy -algebras with Ox-algebra morphisms. We have seen that Cy(X, Ox) is closed
under tensor-products over Ox. Let Ci(X, Ox) be the full subcategory of



Vol. 42, 1982 BRAUER GROUP OF PROJECTIVE CURVE 41

C\(X, Ox) consisting of those objects isomorphic as sheaves of algebras to
sheaves of the form Hom,, (M, M) for some faithful locally projective sheaf M
of finite type. From the above it is clear that Ci(X,Ox) is closed under
tensor-products too. Let us now say that L, and L, in Ci(X, Ox) are equivalent
(L,~L,) if and only if there exist W, W,E€ C(X,0x) such that
L ®Qo, W= L,®o, W-. The set of equivalence classes B(X, Ox) for this
relation may be endowed with the structure of an abelian group through the
multiplication induced by taking tensor-products over Ox, such that the class of
L’ is the inverse of the class of L and where the class of Ox is the unit element.
Obviously for any L € C,(X, Ox) we have L € Ci(X, Ox) if and only if L ~ Ox.
The group B(X, Ox) is called the Brauer group of the ringed space (X, Ox).

(1.9) ProposITION. Let Spec(R) be an affine scheme with structure sheaf Ok
and let Br(R) be the Brauer group of R in the sense of M. Auslander and O.
Goldman, then there is a canonical isomorphism B (Spec(R), Oz )— Br(R). O

The purpose of this paper is to provide a similar description of the Brauer
group of a projective scheme, at least in some special cases.

2. The projective case

(2.1) Throughout R = @Lo R, denotes a commutative, positively graded
ring with unit. Put Proj(R)={P graded prime ideal of R; P2 R.}, where
R, =@:=1 R,. To any graded ideal I of R associate V.(I)={P € Proj(R);
IZ P}, and the Zariski topology on Proj(R) is defined by taking the X.(I)=
Proj(R)— V.(I) as open subsets. If Q§(R) is the graded ring obtained by
localizing at the graded torsion theory described by the filter of ideals generated
by the powers of I (cf. [21], [34], details on graded localization), then we may
construct a sheaf of graded algebras Ok on Proj(R) by putting I'(X.(I), O %) =
Q%R). The stalk of O% at P € Proj(R) is given by Ors= Q%-»(R) (cf. [14])
where Q%_-»(R) is obtained from R by inverting the homogeneous elements in
R — P, i.e. in the multiplicative system h(R — P). We call O the graded structure
sheaf on Proj(R). The structure sheaf on Proj(R) is then just R = (O%) defined
by I'(X.(I), R) = (Q¥R)), the part of degree zero of Qf(R). In a similar way
one constructs Oy and M for arbitrary graded R-modules M.

(2.2) Recall that for any integer n one defines the shift functor T, by its action
on an R-module M given by (T.M), = M.., for all p €Z. Let us denote by
#(n) resp. R(n) the sheaf of O%-modules resp. R-modules associated with
T.R in the above way. If M is a sheaf of R-modules, then we write M(n) for
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M ®xz R(n). We define a left exact functor T, from sheaves of R-modules to
graded R-modules by putting I' (M) = 69,. ['(Proj(R), M(n)). Recall further
that for any pair of graded R-modules M, N we define HOMg (M, N) to be the
graded R-module generated by the graded R-linear morphisms f: M — N of
arbitrary degree p, i.e. having the property that f(M,.)C N,.., for any m €Z.
The category R-gr has as objects graded R-modules and as morphisms graded
R-linear morphisms of degree 0, i.e. which are degree-preserving. So
Homg -, (M, N)=HOM, (M, N),. Assume from now on that R is generated as
an Ri-algebra by a finite number of elements of degree 1. In geometrical
applications we will even have that R, is a field and R is noetherian. Let us recall
some well-known facts in the following

(2.3) PrOPOSITION.

(2.3.1) For any quasicoherent sheaf of R-modules the canonical morphism
B : ([ .(M))> M is an isomorphism;

(2.3.2) every quasicoherent sheaf of R -modules (of finite type) M is of the form
M for some (finitely generated) graded R-module M

(2.3.3) if M and N are graded R-modules, with M finitely presented, then there
is a canonical isomorphism p : (HOMg (M, N))™ S Homg (M, N):

(2.3.4) for any pair of graded R.-modules M, N there is a canonical isomorphism
A:M®eN3MQeN);

(2.3.5) if M is a graded R-module then M = 0 if and only if for all m € M and
r€R,, n>1, we may find p €N such that r’m = 0;

(2.3.6) for any graded R-module M we have (T.M) = M(n);

(2.3.7) let R, be a finitely generated algebra over a field and let M be a finitely
generated graded R -module ; for large enough positive integers d € N the canoni-
cal map o : M —T (M) induces an isomorphism a, : M; > T'(X, M(d)).

(2.4) LEMMA. Let S be a commutative graded ring such that SS,=S. The
Grothendieck categories S-gr and S,-mod are naturally equivalent and this
equivalence is given by the functors (—):S-gr— Sr-mod, M+ M,, and
S$s,R-:Se-mod— S-gr, No» S, QN.

Proor. First note that the condition S$S, = S entails S,M,, = M,... for every
M € R-gr, n,m € Z. Consider the graded module S5& S., for some n € Z, the
graduation being given by (55, S )m = Sm 5, S». The map ¢:S5,& 51 — S(n)
given by s Q r. + sr. is graded of degree zero. Moreover ¢ is surjective because
S(n) is as a graded left S-module generated by S(n),= R,. Now Ker ¢ is a
graded S-module, i.e. generated by its part of degree zero. The exact sequence
in S-gr:
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0—=Kery—> 5,885, —S(n)—0
yields an exact sequence in S,-mod:
0— (Ker¢)o— S, — S.—0

by taking parts of degree zero. Consequently: (Keri), =0 and thus Ker¢ =0.
Therefore S5, S, =S(n) in S-gr and thus $,,5,& S, = S,+. in Sy-mod. From
S..sQ S, =85,=8,5,8 S-. it follows that S, is an invertible Sp-module hence
finitely generated projective. This entails, e.g., that S is flat as an S,-module.
Finally, for every M & S-gr we have an exact sequence in S-gr:

0->K—=>M;;QS—>M-—0,

and as before we deduce that K, = 0, hence K = 0. The statements of the lemma
are now easily verified.

(2.5) ProrOSITION. Let M and N be graded R-modules with M finitely
presented ; if we write E for HOMg (M, N), then there is a canonical isomorphism
w: 0= HOMo:(0Onm, OR).

Proor. Recall that HOM, (O}, Oy) is defined by putting for each open
subset U of X

I(U, HOMo;(0’, 0%)) = HOMogu (03] U, 04| U),

where, again, for arbitrary sheaves of graded modules M, N over a sheaf of
graded rings R we define HOMg (M, N) to consist of all “compatible” families
{fu: U open in X} where fy, € HOMgw,(M(U), N(U)).

Now, if f&R,;, we define a morphism u;,: QfHOMr(M,N),—
(HOMosr)(QH(M), Q(NY), 1 u/f = (x/f = u(x)/f™"), where u e
HOMg (M, N),.,. If e €R,, then we obtain a commutative diagram:

QHHOMg (M, N)) —— HOMoya)(QHM), QHN))

$(HOMx (M, N)) —;——> HOM o) (Q (M), Q5(N)

where y; = @,,;L,,,,, and p.; = @p . This permits us to glue the u, together
over Proj(R) and we thus obtain the desired morphism u:O0z—
HOM, (03, O). To check that w is an isomorphism is easy; actually one can
follow the lines of (2.5.13) in [12]. 0
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NoTE. On the structure sheaf level this implies that for finitely presented M we
have that Homg (M, N) = (HOMo; (O, O ).

(2.6) LeMMA. Let R be positively graded and generated by R, over R, then for
each P € Proj(R) we have Q%(R)= (Q%R))[x, x )= (Q:R))[T, T"'}], where
x may be found in Q¥(R), and where T is an indeterminate.

ProoF. Our assumptions yield that R, Z P, for otherwise R7C P for all n, so
R, C P, contradicting the choice of P; it follows that we may find x E R, — P, i.e.
% is invertible in Q%(R), where x is the image of x in Q%(R). If z €(QiR)).
for some positive integer n, then (£) "z € (Q5(R ), i.e. z €E (QER))(X)". Now,
if we had an algebraic relation over Q§(R )y, then the fact that deg ¥ =1 and that
X is invertible would lead to a contradiction. 0

(2.7) LemMA. If M is a locally projective sheaf of R -modules of finite type then
there exists a graded R-module M of finite presentation such that M = M.

PrROOF. We already know that M = N for some finitely generated graded
R-module N. Consider a free graded R-module F; of finite rank and an exact
sequence of graded R-modules 0 — K — F;— N — 0. This sequence leads to an
exact sequence 0— K — F,— N = M — 0 in R-Mod. Since M is locally projec-
tive of finite type we know that for each P € Proj(R) there is an open
neighbourhood U such that the induced exact sequence 0—K | U—
F.' U-M I U — 0 splits. It follows that K | U is a direct summand of a free
sheaf of R , U-modules of finite rank. Consequently, K is locally projective of
finite type over R. Let {f,; A € L} be a set of homogeneous generators for K. For
any finite subset H of L, let K, be the graded R -submodule of K generated by
{fi;A EH}. Clearly K =lim, Ky and K= @HKH.

Since Proj(R) is quasi compact -and K has finite type, there exists a finite
H C L such that K = K,,. Consider the following exact diagram in R-gr:

0 KH Fl M 0
J J,‘P
0 K F, N 0

The map ¢ derived from K, C K induces a morphism ¢ : M — N =M. At
P € Proj(R) the morphism @, reduces to Qi(¢)o: Qi(M)— Q%(N)o. But from
Ky = K, it follows that Q4K )o= Q (K )o.

Moreover, (Q%(— )} = (— k) Is an exact functor, because it is the composition
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of exact functors, implying that (Q%(¢)) is an isomorphism. Now ¢, is an
isomorphism for each P € Proj(R), therefore ¢ is an isomorphism. O

(2.8) PROPOSITION. Let M, N be locally projective sheaves of finite type over R ;
put M"=M ®z0% resp. N*=NQRr Ok, then

Homiz (M, N)RxOr=HOMy:(M*,N").
Proor. There is a canonical sheaf morphism
A :Homz (M,N)®:Or=HOM¢:(M",N"),

hence it will be sufficient to check that for each P € Proj(R) the local morphism
Ap at P is an isomorphism. From (2.8) we retain that M = M, N = N for M and
N finitely presented over R. Now, using the notation (— ) for Q%(~ ), in order
not to overload notations, we have

(Homg (M, N)®z O )r = (Homg (M» N))P Qr, Orer
= (HOMg (M, N)")r Qr4, Q¥R)
= (HOM (M, N))(P)@Rm Q%(R).

On the other hand, since M is finitely presented, we have
(Hom (M. N)®¢ O%)» = Home, (Mr, Ne) ®r,,, OKR)
= Homg,,(M), Nv)) Qrp, QHR)

which is equal to Homogr) (M) Qr,, QF(R), Nipy Qr,., QH(R)), since QH(M)
has finite presentation over Q%(R), hence to Homeoyr)(Q%(M), Q¥(N)) =
HOMyr)(Q&M), Q%(N)), by (2.4), the last equality holding because Q$(M) is
a Q%(R)-module of finite type, cf. [12]. But, the same argument yields that
Q4M)= (M ®z O0%)r and similarly for Q%(N), which finally yields that

(Homz (M, N)®z O3)r = HOMouz)(M7, N?)
= (HOMo3(M*, N*))p.

(2.9) Note. Choose a finite presentation for M, say F,% F,—> M —0. Let
o%, denote the kernel functor (cf. [11], [37]) associated to the filter of ideals
generated by R, and let Q%, be the associated graded localization functor (cf.
(23)]).

Since R. is generated by a finite number of elements of degree 1 it follows that
og, is of finite type and Q%, commutes with direct sums. It follows easily that
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Coker Q% () is finitely presented in Q%,(R)— gr, whilst M = M. As usual, if &
is a kernel functor in R-mod or R-gr, then M is said to be o-finitely generated
resp. o-finitely presented if M is o-torsion free and there exists N C M which is
finitely generated resp. presented and such that M/N is o-torsion.

(2.10) CoroLLARY. If M is locally projective of finite type over R, then T, (M)
is o%,-finitely presented.

Proor. This follows from the foregoing, the fact that M =1T", (M)~ and the
property that %, = inf{o%; P € Proj(R)}. O

(2.11) ProposiTiON.  For any graded R -module M we have Q% (M) =T ,(M).

Proor. Consider the following commutative diagram of graded R -modules

M ,- Q%.(M)
. J JB
I, (M) -0 I(0%.M))

It is easily verified that I',(j) is completely determined by j, i.e. T, () = ¢ is the
unique map making the above diagram into a commutative one. Put N =
Q%,(M), then note first that O = OX. Indeed the localizing morphism j induces
a morphism O;: 03— O% in the usual way. For P €Proj(R), the local
morphism Q;p: Oy -~ O preduces to Q§(): Q$(M)— Q§(N). Since R.Z P,
it follows that o%, = o}%, hence Q¥ N)= Q%(M) and Q%(j) is the identity.
Consequently O; is the identity too. From O} = O% it follows that M = N,
hence T, (f) is actually that identity on I',(M). For any K € R-gr, the global
sections of O are given by li_r_r)l HOM; (R}, K)—= Q%.(K). Since it is also clear
that O3, = Ot 41y, we thus obtain a canonical morphism

y : T (M)— I'(Proj(R), Ot.an) = I'(Proj(R), O) = Q% (M).
Consider the following two commutative diagrams in R-gr:
M———T, (M) M—"— Q% (M)
]1 / “l /
Qk.(M) T.(M)

Now (Bvy)a = B(ya)= Bj = a, hence By = 1y wn, because there is only one
extension I, () of j. Next, (y8)j = y(8j) = ya = j, hence yB8 = 1y since 1y is the
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unique morphism N— N extending the identity on j(M). It follows that
[, (M)= 0% (M). O

(2.12) CoroLLARY. Let A be any commutative ring and X =PL=
Proj(A[ X, -, X)), then T,(Ox)=A[Xo,- -, Xu].

ProoF. One easily sees that for R = A[X,, -, X,.] we have Q%.(R)=R.

g

The following series of lemmas aims to give a characterization of locally
projective sheaves of R-modules of finite type.

(2.13) LEMMA. Let R be a graded ring such that RR, = R; if M is a graded
R-module with the property that M, is a finitely generated R,-module, then M is a
finitely generated projective R-module.

Proor. This follows immediately from (2.4). 0

(2.14) CoroLLARY (2.14.1). Let R be positively graded and generated by R,
over Ry; if M € R-gr and P € Proj(R) are such that M) is a finitely generated
projective Ry-module, then Q%(M) is finitely generated and projective over

Q%(R).

(2.14.2) If M is locally projective of finite type over R, then for each P €
Proj(R), we have that Q%(M) is a finitely generated projective Q $(R )-module. [

{(2.15) LEMMA. Let R be any positively graded ring and let u : M — N be in
HOMzgk (M, N) for some graded R-modules M and N. Let P € Proj(R), then

(2.15.1) if N is finitely generated and Q%(u): Q%(M)— Q%(N) is surjective
then we can find f € h(R) such that P € X.(f) and Qf(u): Q§(M)— Q¥(N) is
surjective ;

(2.15.2) if M is finitely generated and N is finitely presented and if
Q%u): Q4M)— Q¥(N) is bijective, then we may find f € h(R) with P € X.(f)
and such that Q§(u): Q§(M)— QF§(N) is bijective;

(2.15.3) if N is finitely presented and Q%(R) then there exists f € h(R — P) such
that Q¢N) is free over Q7 (R). O

(2.16) Let us call a graded R-module M a o%,-quasi projective module if
Q%M) is a projective Q%(R)-module for all P € Proj(R). Using (2.16) and
inspiring oneself on the affine case, one would be tempted to expect ok,-
quasiprojectivity to imply o%, projectivity in the following sense. Let o be an
arbitrary kernel functor and N an R-module (you may take everything to be
graded, if you wish), then N is said to be a-projective if for each surjective map
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7 : M,— M, between o-torsion free R-modules and each map f: N — M, we
may find N,CN with N/N, being o-torsion and f,: N,— M, making the
following diagram commutative:

0 N,

|

M—=

Now, using o %, -quasiprojectivity, it is only possible to deduce the following
weaker version of ok -projectivity: if 7: M,— M, is a surjective morphism
between o-torsion free R-modules and if for an R-module M we let
Homg (M, 7): Homg (M, M,)— Homg (M, M,) denote the canonical morphism,
then for each f € Homg (M, M;) we may find a positive integer n such that
R:f CImHomg (M, 7). Nevertheless, we have the following

(2.17) PROPOSITION. Let M be a sheaf R-module, where R is a positively
graded ring generated by R, over R, then the following statements are equivalent

(2.17.1) T, (M) is a graded o %,-finitely presented o % -quasiprojective Q% (R )-
module ;

(2.17.2) M is locally projective of finite type.

Proor. (1) > (2). Pick a graded finitely presented M CT', (M) such that
I',(M)/M is o'%_-torsion. Obviously M is finitely presented over (Q%,(R))™ =R
and M = M since QT (M)/M) = 0 for all P € Proj(R). Moreover, QI (M))
is projective over Q%(R), hence M, = Q4(T',(M))=T,(M)q, is Rr = R(py
projective by the foregoing. Thus by (1.2) it follows that M is locally projective
of finite type.

(2) > (1). Thisis an easy consequence of (2.10) and (2.14). |

Let us now look at locally separable sheaves of algebras over Proj(R). We will
start with the following lemma, which we will prove in full generality for later
use,

(2.18) PropoSITION. Let L be any R-algebra with R contained in the center of
L. Consider a family of kernel functors {0, ;@ € A} in R-mod, such that each o.
has the property that Q, (L) is a ring with Z(Q,_(R)), then if o = inf{o, ;0 € A}
we have that Q, (L) is a ring with center Q,(R).

PrOOF. Although the result holds for any ring, we will only prove this in case
R is a domain. One easily checks that Q,(L) is a ring and that Q,(Z(L))C
Z(Q,(L)). Consider the following diagram of ring homomorphisms
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0. (R) Jor 0..(R)

™~

Z(Q. (LY

Qs (Z(Q, (L))

L~
Q. (L) - Q., (L)

Ja

Here, RCZ(L) yields Q,(R)CQO,(Z(L))CZ(Q,(L)) and j,, maps
Z(Q.(K)) into Z(Q, (L))=0., (R). Moreover Q, (Z(Q,(L))C
Z(Q,,(Q(LY)= Z(Q.,(L))= Q.. (R). For each a we obtain Q, (Z(Q,))=
Q., (O, (R)). Consequently, Z(Q,(L))/Q,(R) is a o.-torsion R-module for
all «a €A hence also a o-torsion R-module. But then Z(Q.(L))C
Q. (Z(Q- (L)) = Q. (CQ,(R))=Q,(R),i.e. Z(Q.(L))= Q,(R). O

(2.19) CoroLLARY (of the proof). The analogous graded statement is valid
too. O

Assume again that R is a positively graded domain generated by a finite
number of elements of degree 1 over R,.

(2.20) LeMMA. Let S be a graded R -algebra with the property that §S, = S and
consider a graded S-algebra A; if Z(Ay)= S, then Z{A)=S.

Proor. lfz € Z(A,)and a € A,, put b = az, then Sb = §S_,.b = 0, therefore
Z(A)=Z(A) Iy € Z(A)n, then Sy = SS_,.y C SZ(A ), hence Sy C §§,= S
and we find that indeed Z(A) = S. .

(2.21) CoroLLARY. If for some graded R-algebra L we know that L is a
central sheaf of R-algebras, then O, is a central sheaf of Ox-algebras.

(2.22) LemMA. Let S be a graded R -algebra which is flat as an S,-module and
which has the property that SS, = S. A graded S-algebra A which has the property
that A, is an Azumaya algebra over S, is a graded Azumaya algebra over S.

PrROOF. We may apply (2.4) and (2.13) to derive that A is S-algebra
isomorphic to Aq s, S. It follows that A is a graded Azumaya algebra over S.

O

(2.23) CoroLLARY. If for some graded R -algebra L we have that L is a locally
separable sheaf of R-algebras, then for each P € Proj(R) the algebra Q%(L) is
central separable over Q%(R). ]

(2.24) From (2.19) it follows from each finitely presented central sheaf of
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R -algebras L over Proj(R ) that I', (L) is a graded central I’ (R )-algebra. By our
assumptions on R it is clear that R is noetherian if and only if R, is noetherian.
Let us assume this from here on, then any sheaf of R -modules M which is of
finite type is of the form M for some graded R-module M which is finitely
presented and ox,-torsion free. Indeed, M = N for some N € R-gr which is of
finite type, choose M = N/a% N, then M is finitely generated, hence finitely
presented and obviously M is o -torsion free. It is clear that M = M.

(2.25) LemMA. Let L be a graded o%.-quasiprojective, o%,-torsion free R-
module of finite presentation and let L = L, then

Homu ) (N (L), T (L)) =T's(Homg (L, L)).

Proof. It is clear that L is o%,-flat in the sense of [42]. Indeed, since R is
commutative we only have to verify that if i : M'— M is a monomorphism
of graded R-modules, then Ker(L Q@xi) is ok, -torsion, but this follows im-
mediately from the fact that L is o%, -quasiprojective, ok, =
inf{c$; P €Proj(R)}, and the fact that localization at multiplicative
systems commutes with tensor-products. From loc. cit. it then follows that
HOMys () (Q%, (L), Q%.(L)) = HOMk (Q%,(L), Q%,(L)) is 0%, -closed. Let us
now first show that HOMosz (Q% (L), Q% (L))= Q% (HOMr(L,L)).

From HOMg(Q%.(L), Q%.(L))=HOMg (L, Q%.(L)) it follows that this as-
sertion will be established if we are able to prove that in the exact sequence

0 —> K —> HOMg (L, L) —> HOM& (L, Q% (L)) —> T —> 0

both K and T are o%,-torsion. First suppose that ¢ : L — L isin Ker A = K. Let
us write j: L — Q% (L) for the canonical localization morphism, then ¢ €K
yields jo = 0;i.e. o(L)C Kerj = g%, L. Since L is finitely generated we may find
a positive integer n €N such "that Rig(L)=0, ie. Rie =0 and
¢ Eak, HOMg (L, L), proving that K is o%,-torsion. Next, in order to prove
that T is o % -torsion, it suffices to verify that for any ¢ : L — Q%,(L) there is an
L, CL with L/L, being o %, -torsion and a morphism ¢,: Li— L such that the
following diagram is commutative;

Li———L

(4] [

L ——l—“"—) Q&.(L)

Now, if L'=¢(L)C Q%.(L), then, as L' is finitely generated, we may find a
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positive integer n € N such that RIL'CL.Put L,=RIL'"and ¢, =¢ fL,, then
(L., @) satisfies our requirements.
To finish the proof, observe that

Homy.i&)(I'« (L), '« (L)) = HOMog (»)(Q%.(L), Q%.(L))
= Q% (HOMg (L,L)) =T, (HOM (L, L)))
=T, (Homg (L, L)).
The last equality holds because of (2.3.3). O

(2.26) CoroLLARY. If L is a sheaf of R-modules which is locally finite then
Homy,z)(I'y (L), T (L)) =T, (Homg (L, L)). O

(2.27) LeMMA. Let L and L’ be sheaves of R-modules, then

L @rLl)= Q% M (L)Qrw (L) =T (Tu(L)Qr.y (L)) O

Let us call a graded R-algebra A a o%, -quasi Azumaya algebra if it is
o %,-closed, ok -quasi projective and o %,-finitely generated, if Z(A)= Q% (R)
and if the canonical map A = A ®rA"—>HOMg (A, A) induces an isomor-
phism Q% (A°)> HOMg (A, A). Then we have:

(2.28) ProrosITION. There is a bijective correspondence between locally
separable sheaves of R-algebras on Proj(R) and graded o % -quasi Azumaya
algebra over R. O

Using these o %,-Azumaya algebras, it is now possible to introduce a notion of
“relative’” graded Brauer group. However, as this would lead us too far, we will
not go into the details here. Moreover, in the next section we will show that in
the case of a normal curve this relative Brauer group is just the usual Brauer
group B# of the homogeneous coordinate ring of the curve under consideration,
cf. [41].

3. Normal varieties

(3.1) Let us now turn to the geometrical situation: we will consider normal
schemes. Recall that a scheme X is normal if its local rings are integrally closed
domains. If X is affine then it is normal exactly when its affine coordinate ring is
integrally closed. If X is one dimensional, then X is normal exactly when it is
nonsingular. Let C be a commuative ring and X a closed subscheme of P, let
S{X] be the ring C[Xo,- -, X.]/I where I =1 ,(Jx), where Jx is the sheaf of
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ideals defining X. We call X projectively normal (for the given embedding) if
S[X] is integrally closed. For these notions and the following result we refer to
Hartshorne [15].

(3.2) PROPOSITION. Let k be a field and A a finitely generated k-algebra ; if X
is a connected, normal subscheme of P, then

(3.2.1) §'= EB,‘;“F(X, Ox (n)) is the integral closure of the domain S[{X];

(3.2.2) for d €N large enough, we have S[X]. = S4;

(3.2.3) an arbitrary closed subscheme X C P, is projectively normal if and only
if X is normal and for every n €N the natural map T'(P, Oy (n))—>T'(X, Ox (n))
is surjective. a

A closed subscheme Y of P is a complete intersection if the homogeneous
ideal I of Y in S =k[X, -+, X.] may be generated by r =codim(Y,P})
elements. It is straightforward to establish that any normal complete intersection
of dimension=1 in P} is also projectively normal.

(3.3) LeMMA. Let R be generated by a finite number of elements of degree 1
over Ry; if R is a domain then every homogeneous element of non-negative degree
in Q% (R) is integral over R.

Proor. Let {fy, -, f.} C R, generate R as an R,-algebra. Pick f € Q%,(R)
homogeneous of degree d =0, then for some n €N we have RifCR. In
particular R{f C R,..4; but our assumptions imply R.., = R}", so we obtain
RifPC R C R7™. Consequently, Rif*CR for all s €EN. In particular
fif* TR, hence R[f]C f,"R. Since f;"R is a noetherian R-module, it follows
that R[f]is finitely generated, hence f is integral over R. g

(3.4) CoroLLARY. Under the foregoing assumptions, if R, is a field, then so is
(Q%.(R))=T(Proj(R), R).

Proor. Pick 0# x €(Q%.(R)); then a is integral over the field R, and
contained in a domain, i.e. x is invertible. O

(3.5) CoroLLARY. Let R be an affine graded domain over a field k, then
Q%.(R) is positively graded in Proj(R) #{0}.

PROOF. By assumption R is of the form k[Xy, - -, X.]/T where I is a graded
prime ideal of k[X,,- -, X,]. Suppose we may find 0 #r € Q% (R)-. with
n >0; since R,#0 we may pick a nonzero f in R, and so fr € Q%.(R) is
invertible in Q%,(R) by (3.4), hence r is invertible in Q% (R). For arbitrary
r'€ Q%,.(R),. we may multiply r' by r? for some q large enough such that
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rir' € Q%,(R)-, for some p >0. Since rr' #0 the foregoing argument yields
that ri’ is invertible in Q%.(R) and therefore r' is invertible in Q% (R).
Consequently Q%.(R)= Q%(R) for all P € Proj(R), meaning that Proj(R) =
{0}. This situation having been excluded, this proves the assertion. 0

(3.6) CoroLLARY. If R is the homogeneous coordinate ring of a connected
normal projective k-variety, then Q% (R) is the integral closure of R.

Proor. Apply (3.5),(3.2)and (2.11). X

(3.7) CoroLLARY. Let R be an affine graded domain over a field k, then
¢ (R) is a graded noetherian domain.

PrROOF. We know that Q%,(R) is positively graded and that for large degrees
d = d, we have (Q%,(R)). = Ry, cf. (2.11) and (2.3.7). By Serre’s theorem, cf.
[15, 25], however, we know that the part of Q%.(R) of degree lower than d, is a
finitely generated Ry-module, hence noetherian as well. O

Note. Under the above assumptions it does not necessarily follow that
Q%.(R) is affine over Q% (R ) (in the sense that elements of degree 1 generate
it); however, we know that for d large enough we have Q%,(R). = R{. This will
be seen to be amply sufficient for our constructions to be possible.

(3.8) LemMA. If A is a ok,-quasi Azumaya algebra, then for all P €&
Proj(Q%.(R)) we have that Q%(A) is a graded Azumaya algebra over
Q% Q%.(R)).

ProoF. Since Q%,(R)is a graded integral over R it follows thatp = PN R is
in Proj(R) if P €Proj(Q%.(R)). Indeed, it suffices to verify that if a graded
prime ideal P of Q%,(R)= R’ contains R, then P also contains R .. Now, any
x € h(R}) satisfies a relation of the form x" =rx"'+---+r, for some
. € h(R.). So, if P contains R., then P contains x", hence x € P. It follows that
P contains #(R.) hence R.! Now,

Q¥A)= Q¥Q%(R))Qour)QHA).

We know that Q8(A) is a graded Azumaya algebra over Q§, hence it follows
that Q$(A ) is a graded Q%(Q%,(R))-Azumaya algebra, as asserted. il

(3.9) REMARK. The minimal prime ideals of R which are graded are all
contained in Proj(R ) — this holds for any positively graded ring R such that R,
is a domain. Consequently, the assumption that Q%(A ) be an Azumaya aigebra
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over Q§(R) for all minimal and graded prime ideals of R will be fulfilled in our
context.

If M € R-mod, then M* = Homg (M, R) is the dual of M and M** is the
double dual. We say that M is reflexive if M = M**.

(3.10) LEmMA. If S is a noetherian domain of global dimension at most 2 then
every finitely generated reflexive S-module is projective.

Proor. Cf.[4]. d

(3.11) LEMMA. Suppose that R is as before but also integrally closed and let A
be a graded algebra such that Q% (A)= A. If for every P € Proj(R ) we have that
Q%(A)is a graded Azumaya algebra over Q%(R), then A is an R -order in its total
ring of fractions Q(A).

Proor. For each P € Proj(R) the localizing morphism j: A — Q%(A)isa
central extension with kernel o$(A). Since Q%(A) is an Azumaya algebra over
the domain Q%(R) it is in particular a prime ring, therefore o$(A) is a prime
ideal of A. Since 0%, (A)=0= [ o§(A) it follows that A is a semiprime ring.
Now, let I, J be any nonzero ideals of A such that IJ =0, then I =JI =0
because A is semiprime.

If j» (I) were zero for all P € Proj(R), then I C o%,(A) = 0 and similarly for J.
Fix P such that j, (I)Q%(A ) # 0. Since Q%(A) is a prime P.I ring it follows that
the nonzero ideal jp (I}Q%(A) intersects the center Q%(R) nontrivially. Pick
0# 2z, € QHR)Njp (I)Q%(A), then 0# Hpzp C jo (RYN jo (I) for some HpZ P
in R. Pick some z » = hpzp # 0in Hpzp and let z € I be such that j»(z) = z 5, then,
from j»(z) € j»(R), it follows that z =r + A for some A €E 05(A). Now HpA =0
for some HpZ P yields that Hpz = Hpr C R. Since R is a domain, we have that
Hpr#0 and hence Hpz C1 is in I N R. Consequently, nonzero ideals of A
intersect the center nontrivially. However, it then follows that IJ =0 implies
(INR)YJNR)=0,i.e., either I or J is zero and this proves that A is a prime
ring and all morphisms jr are injective. Therefore A is a prime P.I. algebra with
center Z(A)= R, by (2.19). From Posner’s theorem (cf. [23]) it follows that
Q(A)=A ®:Q(R)=A ®=K is a finite dimensional simple algebra with
center K. We thus have the following diagram of inclusions:

K—— Q(A)

Q¥R) —— Q¥A)



Vol. 42, 1982 BRAUER GROUP OF PROJECTIVE CURVE 55

and each Q%(A)is a Q%(R)-order in the K central simple algebra Q(A). Take
z € A, then since z € Q§(A ), the minimal polynomial of z in Q(A ) over K has
coefficients in Q%(R). The latter holds for all P € Proj(R), hence the considered
minimum polynomial has coefficients in M {Q%R): P € Proj(R)} = O%.(R).
Since R is integrally closed here, Q%.(R)= R, i.e., we have AK = Q%.(A) and
A is integral over R and thus A is an R -order. O

(3.12) CoroLLARY. (3.12.1) In the above situation A is finitely generated as an
R-module, since any order over an integrally closed noetherian domain R in a
central simple algebra has to be finitely generated over R, cf. [24] VI 5.

(3.12.2) Since Q%(R) is integrally closed in K and Q%(A) is an Azumaya order
over Q¥(R) in Q(A), it follows that each Q%(A) is a maximal Q%(R )-order in
Q).

(3.13) Now, by (3.12.1) it follows that A is finitely generated over R so we
obtain that A* = HOMg (A, R). Therefore A* is a graded and finitely gener-
ated R-module. Both A* and A ** being graded, it is not necessary to specify
whether the dual has been taken in the graded or non-graded sense. Moreover,
the “evaluation map” A — A**:a — 4, where d(f)=f(a)forany fE A*,isa
graded morphism of degree zero. These remarks allow us to prove

(3.14) LemMA. Let A and R be as in (3.16), then A CA** C Q¢(A).

PrROOF. Suppose z =ac™' with a €Z(A)=R is in h(A**), where A** is
embedded in O(A) by the classical, ungraded results. By the foregoing remarks,
A — A**is graded of degree zero, so the gradation of A ** induces the original
one on A. Write a =a,+---+a, with i,>--->1i, and deg(a,)=1i. and
similarly ¢ =¢;,+---+¢;,, with j>--->j. and deg(c,)=j Considering
(c,+---+¢,)z=a,+ - +a, in A** we obtain ¢, = a,.Hence z € Q*(A),so0
it follows that A ** C Q*(A)C Q*(A)since h(A **) generates A **. O

For each ideal I of R we denote the largest graded ideal contained in I by I,.

(3.15) LEMMA. Let P be the set of minimal prime ideals of R, let P, =
{P,; P €EP}; if R is noetherian, then

(3.15.1) P, consists of prime ideals which are minimal and graded ;

(3.15.2) P, # {0} unless R is a graded field.

Proor. (1) Since 0C P, C P and P, is prime it follows that P € P implies
P,=0or P, =P.

(2) If R is not a graded field, then there exists a nonzero homogeneous
u € h(R) which is not invertible in R. Krull’s principal ideal theorem yields that
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any prime ideal P minimal over Ru is a minimal prime ideal. From 0 # Ru C P,
it then follows that P = P,. d

(3.16) LEMMA. If R is integrally closed and M € R-mod finitely generated
and torsion-free, then M** = [V pcp M,

Proor. Cf.[4]. O
At this point we gladly credit J. Van Geel for suggesting the use of the above
lemma in the proof of the following proposition.

(3.17)  ProposITION. Let A and R be as before, then A is reflexive.

PrOOF. Since A is an R -algebra it is certainly torsion-free. We already know
A to be finitely generated, so we may apply (3.16), i.e. A** ={V,cpA,. Since
A** is graded, we find that A** C (V,cp, Q%(A) = B. However, if z € h(B),
then we may find a graded ideal 0 # IZ P for all P €P,, such that Iz C A**,
Now, if P'€P—P, then P’ cannot contain the graded ideal I, for otherwise
ICP,CP' Since z € Q[A] is thus such that Iz C A for IZ P, it follows that
2 € Qr{A) and the latter for PPEP~P,. S0 A** CBC () per Qr(A)= A**,
because B is R-generated by h(B)! Let us now establish that Z(A**)=Z(A) =
R. First if x €Z(A), then x € npep‘Z(O%(A NC Z(A**). Conversely, if
y € Z(A**), then y commutes with every element of A in Q(A). Therefore,
y € Mper, Z(QHA)) = Mrcp, OKR) = R, the latter because R is known to be
reflexive.

For any P € Proj(R), we have that Q$(A ) C Q%(A **) and the fact that A** is
an R-order implies that Q%(A **) is a Q¥(R)-order. The maximality of Q%(A)
yields Q%(A)= Q%(A**) for all P E€Proj(R). Finally, A**C Q% (A**)=
Q%.(A)= A implies A = A™**. 0

Note. This may also be proved directly using (2.3) in [44]. The proof given
here involves less abstract nonsense.

(3.18) Recall from [41] that a graded R-algebra A is said to be a pseudo-
Azumaya algebra if it is reflexive and if the canonical map
(A QrAY*—>Endr(A)
is an isomorphism. Two pseudo-Azumaya algebras A and B are said to be
similar if we may find reflexive R-modules P and Q and an isomorphism of
graded R -algebras
A ®«x ENDg (P)=B @r END{(Q).

The set of similarity classes of pseudo-Azumaya algebras may be endowed with a
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group structure in the obvious way and one thus obtains the so-called relative
Brauer group Bf(R). For more details, cf. loc. cit.
We may now prove

(3.19) THEOREM. Let X = Proj(R) be a connected regular projective k-variety
of dimension at most two, then there is a bijective correspondence between locally
separable sheaves of Ox-algebras and pseudo-Azumaya algebras over T ,(R).

Proor. First note that for any finitely generated torsion-free graded Q% (R)-
module we have M C Q%.(M)C M**, by (3.16) and the proof of (3.17), since
Q%.(R) is noetherian integrally closed by (3.6) and (3.7). It follows that if M is
reflexive it is certainly o%, -closed. On the other hand, it also follows that if
Q%.(M) is reflexive then Q% (M)=M**,

Now, let L be a locally separable sheaf of Ox-algebras, then A =T (L) is
reflexive by (3.17) and we know that O%.(A ®rA°™)=END;(A). But
Q%.(A QrA™)is reflexive by (3.17), hence Q%,(A QrA™) = (A QrAP)**,
proving that A is a pseudo-Azumaya algebra.

Conversely, let us show that any pseudo-Azumaya algebra is a graded
o &.-quasi Azumaya algebra, then we may apply (2.28) to finish the proof. So, let
A be pseudo-Azymaya algebra, then A is reflexive, hence finitely generated and
torsion-free, so it is certainly 0% -closed. Since I',(R) = Q%,(R) is noetherian,
we have that Q%A )** = Q%(A) in Q%(R)-gr, hence we may apply (2.4) to
obtain that Q%(A), is a reflexive Q%(R)-module. But then Q%(A), is a
projective Q§(R )-module and Q§(A ) is graded projective over Q§(R), proving
that A is ok, -quasiprojective. We thus have proved that A and hence
Q%.(A QrA™) is a og, -finitely generated o% -closed o%,-quasiprojective
R-module, so we may invoke (2.3) in {44] to derive that Q%,(A ®rA) is
reflexive, hence Q% (A ®xA™)=(A QrA™)** =ENDr(A) and A is in-
deed a o'k,-quasi-Azumaya algebra. This finishes the proof. O

Let us now define a morphism

B*(I',(R))— B(Proj(R), R)
(L1~ (L],

then the first part of the proof of (3.19) shows that this is a well-defined group
morphism for Proj(R) normal. Moreover, using (2.3) in [44] one may easily
verify

(3.20) THEOREM. Let Proj(R) be a connected regular projective k -variety of
dimension at most two, then B(Proj(R),/R)= B*(T,(R)).
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RemarRk. The foregoing result gives a geometric interpretation of the
relative Brauer group introduced in [41], at least in the regular case. For the
non-normal case we refer to a paper in preparation.
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